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INTRODUCTION 
The failure mechanisms of an adhesive layer are generally separated into adhesive failure 
and cohesive failure. A failure is considered to be adhesive when it takes place in a thin boundary 
layer at the interface of the adhesive and the adherend, and cohesive when it is in the interior of the 
adhesive layer. To analyze failure of an adhesive bond, the adhesive layer may, therefore, be 
divided into three layers, namely, two boundary layers and an interior layer. For a typical adhesive 
bond of the thickness, say, 100 1J.Ill, the boundary layers may be of the order of 5-1 0 IJ.Ill each. 
In this paper the interest is focussed on adhesive failure. It is assumed that adhesive failure 
is preceded by nonlinear behavior in the thin boundary layers at the adhesive/adherend interfaces. 
The extent to which such nonlinear behavior affects the reflection and transmission of ultrasonic 
wave motion is investigated on the basis of analytical and numerical results. Three models of 
increasing complexity are considered for the adhesive layer: (1) a nonlinear relation between 
tractions and gross displacements across a representative adhesive thickness parameter; (2) same as 
under (1), but with a correction for the inertia of the adhesive layer; and (3) a nonlinear continuum. 
For these three models the reflection and transmission for nonnal incidence has been investigated, 
and the relative accuracy of the simpler models has been detennined. 
For given nonlinear behaviors of the boundary and interior layers, the overall relation 
between traction and adhesive-layer extension has been detennined. Conversely, if the overall 
relation is unknown, it is shown how it can be obtained from the reflection data. Knowledge of 
this relation allows an extrapolation to the failure load of the adhesive bond. It is also shown that 
the nonlinear behavior gives rise to the development of higher hannonics, which are related to the 
nonlinear parameters of the boundary layers. 
For a fairly comprehensive state-of-the-art review of nondestructive evaluation of adhesive 
bond quality, we refer to the paper by Light and Kwun [1]. 
NONLINEAR MODEL FOR THE ADHESIVE LAYER 
Let us consider the one-dimensional static extension and compression of an adhesive layer. 
Since the stress is homogeneous we may write (criBL= (cr~L=cro, where (criBLand (cr~Lare 
the stresses in the boundary layers and the interior layer, respectively. The total extension may be 
written as /), = 2/),BL + /),IL, where 2/),BL are the contributions from the boundary layers and /),IL is 
the contribution from the interior of the adhesive layer. In tenns of strains we have 
hBL hL 
e=2- eBL + - elL 
h h 
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where hBL and hIL are the thicknesses of the boundary layers and the interior layer, respectively, 
and h is the total thickness of the adhesive layer. 
We may now assume general relations between (aiBL and ~L and (a IIL and e!L of the 
forms: 
and (2a,b) 
For any particular aO we can get eBL and elL from Eqs. (2a,b), and we can subsequently obtain e y 
from Eq. (1). By repeating this calculation for a number of values of aO, and plotting aO against e 
we can construct the stress-strain behavior of the adhesive layer. Y Y 
As an example we consider the relations 
(3a,b) 
Figures la and lb show aO as a function of eBL, elL, and e for two sets of values of a, b, a and ~. 
Y 
TIle aO - e relations in these figures were obtained using the procedure discussed above. 
Y 
Experimental results for reflection and transmission are related to the overall mechanical 
behavior of the adhesive layer. We are interested in obtaining the stress-strain behavior in the 
boundary layers. If the behavior in the interior layer is, however, known from the bulk properties 
of the adhesive and the overall adhesive layer behavior is obtained from the experiments, the 
relation between aO and eBL can be obtained by rearranging Eq. (1) to get lL in terms of e and 
Y 
eIL, and calculating eBL corresponding to a number of values of a 0. 
Y 
SPRING-MASS MODEL 
If the wavelength of ultrasonic wave motion can be chosen sufficiently larger than the 
thickness of the adhesive layer, it may be assumed that the strains in the adhesive layer are 
homogeneous. The mechanical behavior of the adhesive can then effectively be modeled by one-
dimensional elements (non-linear springs) which relate the tractions on the faces of the adherends to 
the displacement discontinuities across the thickness of the adhesive. Here we also include the 
effect of inertia of the adhesive layer. 
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Let us consider the one-dimensional configuration of two semi-infinite linear elastic 
solids joined by a thin nonlinear adhesive material, as shown in Fig.2. A nonnally incident 
longitudinal ultrasonic wave is transmitted and reflected by the adhesive layer. For the spring-mass 
model that is being considered here, the thickness of the layer is shrunk to a surface at y=O, across 
which the following conditions apply [2) 
(4) 
I 
~ = - [0 +0 I y 2 yly=D+ yly=D- (5) 
(6) 
where p is the mass density of the adhesive layer, and h is the actual thickness of the layer. 
Now, let us assume the stress-displacement-jump relation for the adhesive layer can be 
given as 
~=Q(ll) y (7) 
The adhesive layer function Q(ll) is a nonlinear function of ll. The general behavior of Q(Ml) was 
shown in Figs. I a and I b. The critical value of the adhesive layer is governed by the strength of 
the boundary layers as the failure is assumed to occur in the boundary layers first. We are 
interested in obtaining the overall mechanical behavior of the adhesive layer from the ultrasonic 
wave reflection and transmission data, making sure we do not cross the critical value of the 
boundary layers which corresponds to the failure point of the adhesive. 
Reflection and Transmission 
Let the adhesive bond be located in between two elastic solids of different Lame elastic 
constants and mass densities. See Fig. 2. The solids defined by y S 0 and y;::: 0 have Lame elastic 
constants '-2, J..l2 and AI' J..lI' and longitudinal wave velocities c2 and CI' respectively. A 
longitudinal wave, which is incident from the underlying solid is of the general fonn 
Here F(t) , where F(t) = 0 for t S 0 and t > To, defines the wavcfonn. The reflected and the 
transmitted displacement waves are 
(8) 
(9a,b) 
h 
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Fig. 2. Longitudinal wave incident on the adhesive bond. 
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In tenns ofF(t), G(t) and H(t), the displacements and stresses in the two solids at y = 0, may be 
written as 
and Vly=o- = F(t) + G(t) (1Oa,b) 
(11) 
~+2~.. .. 
CJyly=O_ = -  [F(t) - G(t)] = -P2"2[ F(t) - G(t)] (12) 
where the dot denotes differentiation. The displacement discontinuity defined by Eq. (6) and the 
stress discontinuity defined by Eq. (4) then yield the relations 
A(t) = H(t) - F(t) - G(t) (13) 
. .. 1 .. .. .. 
- Pici H(t) + P2c2[ F(t) - G(t)] = 2 ph [H(t)+ F(t) + G(t)] (14) 
After some manipulations, which have been shown in some detail in Ref. [3] the following second 
order nonlinear ordinary differential equation for A(t) is obtained 
~ P h (1+ etl) ~(t) + 2 (P2"2 + P h dQ(A» ~(t) + 2 (1+ ~) Q(A) 
2 Pici Pici M PIcl 
= - 2 P h P2"2 F(t) - 4 P2"2 F(t) (15) 
PIC1 
where F(t) is the known input function. The initial conditions to be satisfied are 
A(O) == 0 (16) 
and 
(17) 
where the latter follows from Eqs. (5), (7), (11), (12) and (13). It should be noted that for F(O) == 
. .
o and F(O) = 0, causality implies A(O) == 0 and 0(0) == O. For a given function Q(A) and an incident 
wave F(t), A(t) can be obtained by numerical integration of Equation (15). 
To illustrate the procedure let us consider Q(A) of the same fonn as boundary layers i.e., 
(18) 
For the numerical solution, it is convenient to introduce the dimensionless variables A = MI, 
- -
t = t/(h/cI)' F = F/h, where h is the actual thickness of the adhesive layer. The adhesive is 
characterized by a = ~(PIC12) = a/(PICI2) and b = Gh = b. Using these dimensionless variables 
and Eq. (18), Eq. (15) reduces to 
P (1+ PM ~(t)+4( P2"2 + P a e-t;.; (1- b A)} ~(t) 
PI PIC1 PIc1 PI 
+ 4 (1+ P2c2 ) a;ie-b.& = _ 4 P P2"2 ¥(t) _ 8 P2~ i':(t) (19) 
Plc1 PI Plc1 Plc1 
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Here the dot denotes differentiation with respect to t. Equation (19) can be transformed to two first-
-
order differential equations, and can be solved for ~ , by using the fourth order Runga-Kutta 
method for simultaneous ordinary differential equations. Once LXt) is known, G(t) and H(t) follow 
from Eq. (5), (7), (II), (12) and (13). 
As an example we consider an incident wave ofthe form 
I 
F(t) = 2 A [ 1 - cos (2m/to)] , (20) 
where A is the amplitude. The ratio of the mechanical impedances of the adherends is taken as 
P2~/P1C1 = 1.5. The incident wave is defined by the dimensionless constants A/h = 0.4, 
- -
tJ(h!c1) = 10.0, To = 510. Figure 3 shows the reflected wave, G, versus the dimensionless time t 
- -
for the case where a =1.0 and b =2.0, for two different mass densities of the adhesive: p = 0.5P1 
and p = 0.1 P l' Results for p = 0, i.e., spring model discussed in Ref. [3] are very similar to the 
case of p = O.lpl and are not shown separately. It can be seen that the behavior of G is 
substantially different for the two models when the mass density of the adhesive is comparable to 
that of the adherends. On the other hand when the mass density of the adhesive is much smaller 
than that of the adherends, results of both the models are almost the same, and hence the effect of 
inertia can be ignored for this case. 
FINITE ELEMENT CALCULATIONS 
An alternate approach for solving the problem of reflection and transmission by the 
adhesive layer is to use the Finite Element Method. Since the present problem is one-dimensional 
and relatively simple, we can use a large number of elements to represent an infinite domain in 
order to avoid reflections from the boundaries of the domains of finite clements. For a more 
complicated geometry it would probably be more cost efficient to use silent boundaries. Figure 4 
shows the mesh used for the calculations. 
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Fig. 3. Reflected waves obtained using the Spring-Mass Model for to'(h!C1) = 10.0 
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Fig. 4. Finite Element Model for the adhesive bond. 
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The displacement F(t) given by Eq. (20) was prescribed at node 1. Each element length 
was chosen sufficiently smaller than the wavelength of the input displacement wave (h/lOO for the 
interior and the boundary layers and hllO for the adherend) to avoid reflections at the interfaces of 
the elements. Calculations were restricted till the time the wave reflected from the adherend-
adhesive interface reaches node 1. Calculations were carried out for A. = lOh and time step = 
A/2500h, where h is the total thickness of the adhesiver layer. Figure 5a compares the results of the 
FEM calculations with the spring-mass model results obtained in the last section for the case of p = 
O.5PI. Figure 5b gives the same comparision forthe case of p = O.lpl. It can be seen that for a 
long wavelength the spring-mass model is a good approximation. 
In order to check the validity of the model for the equivalent stress-strain relation described 
earlier in the paper, we'can use the individual stress-strain relations for the boundary layers and the 
interior layer in the FEM model and compare it with the equivalent stress-strain relation in the 
spring-mass model. Figure 6 compares the results of the two models for stress-strain relations of 
Fig. 1. The calculations are for an incident wave given by Eq. (20) for A/h = 0.4, A. = IOh, 
P = 0.5PI' ;i" =1.0, b =2.0, ~ = aiJllCI2 = 1.0 and ~ = PIJllC1 2= 2.0. The results are in a very 
good agreement, which further justifies the use of the equivalent stress-strain relation in the spring-
mass model. 
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Fig. 5. Comparison of the reflected waves obtained using the Spring-Mass Model and the Finite 
Element Calculations forto!Ch!cl) = A/h = 10.0 for: (a) P=0.5Pl' (b) p=O.lPl. 
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different stress-strain relations for the interior and the boundary layers, and the Spring-
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RECONSTRUCfION OF Q(~) CURVE 
The problem of interest is the detennination of Q(d) from the ultrasonic data using the 
spring-mass model. Note that time t is just a parameter. If for a number of specific times t, the 
quantities ~ and Q(~) can be calculated, then these quantities can be plotted on a horizontal and a 
vertical axis, respectively, to yield the required curve. In principle this can be done from the 
measurement of the reflected ultrasonic wave. When G(t) is known (as measured), and the incident 
wave F(t) is known, numerical differentiation yields the first and second derivatives ofF and G. 
Using these derivatives and the initial conditions given by Eqs. (16) and (17), one can obtain ~(t) 
from Eqs. (13) and (4). Eqs. (5), (7), (11) and (12) subsequently yields Q(~). A more detailed 
discussion on this method can be found in Ref. [3]. 
Boundary Layer Stress-Strain Curve 
Once the Q(~) curve is obtained using one of the methods of the last section, it remains to 
obtain the p(£BL) curve given by Eq. (2a) as it is assumed that the adhesive failure takes place in the 
boundary layer first. If the behavior of the interior layer is known from the bulk properties of the 
adhesive, the boundary layer behavior can be easily obtained as discussed earlier. The critical point 
of the boundary layer stress-strain curve will then correspond to the strength ofthe adhesive. In 
other words the strength of the adhesive layer may be obtained from the reflected waves. 
HIGHER HARMONICS 
An alternate approach to the completely nonlinear analysis discussed above, is based on the 
hannonics generated by the nonlinear adhesive layer. The usefulness ofhannonic generation to 
study nonlinear mechanical properties of solids is well recognized [4]. Here we will show that 
analyzing the reflected wave in the frequency domain, by taking the Fourier transfonn of the 
reflected wave and separating out the various harmonics, is a good approach to detennine the 
parameters of the boundary layer stress-strain relation. 
For the configuration shown in Fig. 2, consider as an example, an incident wave of the 
fonn given by Eq. (20) and A/h = 0.4, tJ(hlel) = I 0.0, To = S0lo. The ratio of the mechanical 
impedances of the adherends is taken as PZCz/PIC\ = 1.5, and the mass density of the adhesive as 
p = O.SPI. Also it = 1.0, b = 3.0, ;; = 1.0 and j3 = 2.0. Figure 7a shows the nonnalized reflected 
wave G versus the dimensionless time i, which was obtained by using the equivalent stress-strain 
relation in the spring-mass model. Figure 7b shows the discrete spectrum decomposition of the 
reflected wave of Figure 7 a into the fundamental frequency and the higher harmonics. The 
decomposition was obtained using the Fast Fourier Transfrom (FFT). It can be seen that the 
amplitude of the second hannonic is quite significant. Also from Figs. 1 and 2 it can be seen that 
till the time the boundary layer reaches the critical value the interior layer is still being pulled in the 
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Fig. 7. Reflected wave obtained using the equivalent stress-strain relation in the Spring-Mass 
Model for a = 1.0, b = 3.0, a = 1.0 and f3 = 2.0 in: (a) time domain, (b) frequency 
domain. 
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Fig. 8. (a) Nonnalized amplitude of the fundamental frequency of the reflected wave 01 = Gl/h 
as a function of the linear parameter a, (b) Nonnalized amplitude of the second 
hannonic of the reflected wave 02= G2fh as a function of the nonlinear parameter b. 
linear range. Based on this observation we can assume that the higher hannonics obtained in the 
present range will be mainly related to the nonlinearity of the boundary layer. Figure 8a shows the 
amplitude of the fundamental frequency of the reflected wave as a function of the linear parameter it, 
for A/h = 0.1. to /(hlcl) = 10.0 and 6 = 3.0. Since A/h is small for this case, the higher hannonics 
are not noticable. Figure 8b shows the amplitude of the second hannonic of the reflected wave as a 
function of the nonlinear parameter 6, for a = 1.0. A/h= 0.4 and tJ(h/cI) = 10.0. Now A/h is big 
enough to pull the adhesive in the nonlinear range. 
The above results suggest a two step approach for obtaining a and b. First using a small 
amplitude incident toneburst of prescribed frequency. which pulls the adhesive bond only in the 
linear range. a can be obtained from Fig. 8a. Next using a bigger amplitude toneburst of the same 
frequency which pulls the adhesive bond in the nonlinear range. we can get b from Fig. 8b. The 
potential advantage of this approach is that it involves nonnal incidence of a longitudinal wave and 
only a measurement of the reflected wave. Analysis of the hannonics of the reflected wave then 
gives a and b. 
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